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c r o s s  s e c t i o n a l  a r e a  of s t i f f e n e r ,  i n ?  when used w i t h  a sub- 
s c r i p t .  
a r e a  of f l a n g e ,  i n  
a r e a  of s t i f f e n e r ,  i n  
Also used a s  an  a r b i t r a r y  cons t an t  i n  Appendix C. 
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2 
one h a l f  panel width,  i n  
a r b i t r a r y  c o n s t a n t  used i n  Appendix C 
d i s t a n c e  between s t i f f e n e r s ,  i n  
d i s t a n c e  from c e n t r o i d  of f l a n g e  t o  c e n t r o i d  of a r e a s  of re- 
maining s t i f f e n e r s ,  i n  
d i s t a n c e  from c e n t r o i d  of f l a n g e  t o  c e n t r o i d  of s u b s t i t u t e -  
s i n g l e  s t r i n g e r ,  i n  
c o n s t a n t  
d d i f f e r e n t i a l  ope ra to r  denoting 
base of n a t u r a l  logarithms 
Young' s modulus 
end l o a d  used i n  Appendix B 
modulus of r i g i d i t y  
u n i t  ma t r ix  
dimensionless  
t x  
t kx = (1 + -) 
dimensionless  
parameter used i n  stress f u n c t i o n  s o l u t i o n ,  
parameter used i n  stress f u n c t i o n  s o l u t i o n ,  
k = (1 +%) Y t 
parameter used i n  minimum p o t e n t i a l  energy e q u a t i o n s ,  Appendix 
B .  k = -  
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i n  minimum AL 
AF - i n  stress akxt 
p o t e n t i a l  energy s o l u t i o n ,  
f u n c t i o n  s o l u t i o n  
number of s t r i n g e r s  i n  ha l f  panel o r  when used a s  a s u b s c r i p t  it 
r e p r e s e n t s  the number of the s t i f f e n e r  o r  panel under cons idera-  
t i o n  
o r i g i n  of Ca r t e s i an  coordinate  system 
a p p l i e d  a x i a l  load ,  pounds 
uniform stress of i n f i n i t y ,  p s i  
average normal s t r e s s  i n  d i r e c t i o n  Ox, p s i  
average normal stress i n  d i r e c t i o n  0 p s i  
Y' 
shea r  flow, l b / i n  
c i r cumfe ren t i a l  d i s t a n c e  
t h i c k n e s s  of sheet m a t e r i a l  
a r e a  of r e i n f o r c i n g  m a t e r i a l  added i n  d i r e c t i o n  0 
of sheet 
per  u n i t  wid th  
X '  
a r ea  of r e i n f o r c i n g  ma te r i a l  added i n  d i r e c t i o n  0 per  u n i t  w i d t h  
of sheet Y' 
end load ,  stress func t ion  s o l u t i o n ,  pounds 
load  a t  i n f i n i t y ,  pounds 
s t r a i n  energy 
v a r i a b l e  used i n  stress f u n c t i o n  s o l u t i o n  
angle  of r o t a t i o n ,  s t r inge r - shee t  s o l u t i o n  
s t e a r  i n g  s t r a i n  
normal s t r a i n  
x 
0.04712 
r o o t s  t o  t r anscenden ta l  equa t ion ,  stress f u n c t i o n  s o l u t i o n  and 
s t r i n g e r  sheet s o l u t i o n  
v i  
x 
I-1 poi.sson"s r a t i o  
paraneter used i n  d i f f e r e n t i a l  equation s o l u t i o n  
Tt ratio of circumference of c i r c l e  t o  diameter, approximately 
3.1416 
U normal stress 
T shearing stress 
TJ stress funct ion  
cp var iab le  used i n  minimum potent ia l  energy s o l u t i o n  
v i  i 
4 .’ CHAPTER I 
STATEMENT OF THE PROBLEM 
Shear  l a g  i s  t h e  term commonly used t o  d e s c r i b e  t h e  i n f l u e n c e  t h a t  
s h e a r i n g  deformations have on the stress d i s t r i b u t i o n  i n  s h e e t - s t r i n g e r  
1 types  of c o n s t r u c t i o n  1 2  1 . Experimental evidence has  shown t h a t  the 
stress d i s t r i b u t i o n  i n  s h e e t - s t r i n g e r  s t r u c t u r e s  s u b j e c t e d  t o  bending 
cannot  be adequa te ly  predict ,ed by t h e  elementary f l e x u r e  t h e o r y .  The 
d i f f e r e n c e  between t h e  stress d i s t r i b u t i o n  p r e d i c t e d  by elementary 
f l e x u r e  theo ry  and the expe r imen ta l ly  determined d i s t r i b u t i o n  is due 
i n  p a r t  t o  the  f a c t  t h a t  the t h e o r e t i c a l  assumption t h a t  plane s e c t i o n s  
remain plane a f t e r  bending is  not s a t i s f i e d  i n  s h e e t - s t r i n g e r  s t r u c t u r e s .  
If plane s e c t i o n s  remained plane a f t e r  bending, t h e  s h e e t  between s t r i n g -  
ers  would have t o  have i n f i n i t e  s h e a r i n g  r i g i d i t y ,  i . e . ,  no shea r ing  
s t r a i n s .  S i n c e  t h e  t h i n  s h e e t  between s t i f f e n e r s  a c t u a l l y  has  ve ry  
l i t t l e  shea r  s t i f f n e s s  and t h e  s h e e t  s u f f e r s  l a r g e  s h e a r i n g  deformations 
under load ,  t h e  assumption of i n f i n i t e  s h e a r i n g  r i g i d i t y  i s  n o t  s a t i s -  
f i e d  i n  t h i s  t y p e  of s t r u c t u r e .  As a r e s u l t  of these shea r  deformations,  
t h e  stresses i n  t h e  s t r i n g e r s  are less than  the  p r e d i c t e d  stresses. 
S i n c e  t h e  s t r i n g e r  stresses l a g  behind p r e d i c t e d  v a l u e s ,  the e f f ec t  has  
been described a s  shea r  l a g .  
Thus, t h e  problem of t h e  s t r e s s  a n a l y s t  i s  t h e  de t e rmina t ion  of t h e  
stress d i s t r i b u t i o n  i n  box beams t.aking i n t o  c o n s i d e r a t i o n  shea r ing  
s t r a i n s .  I n  a h o l l o w ,  r e c t a n g u l a r  box beam under pure bending, t h e  su r -  
f a c e  under compression behaves a s  a f l a t ,  s t i f f e n e d  panel sub jec t ed  t o  
an  a x i a l  compressive load .  
a x i a l  l o a d  has been i n v e s t i g a t e d .  
Tn t h i s  thesis  a f l a t  s t i f f e n e d  panel under 
lNumbers i n  b r a c k e t s  r e f e r  t o  r e f e r e n c e s  l i s t e d  i n  the bibliography: 
2 
L 
l r  
Survey of Previous Work -- - -
Although many i n v e s t i g a t o r s  have obtained s o l u t i o n s  t o  t h e  shear  
l a g  problem, a l l  of their s o l u t i o n s  appear t o  have shortcomings. Because 
of the s i m p l i f y i n g  assumptions made, some of t h e  less r i g o r o u s  s o l u t i o n s  
a r e  v a l i d  only f o r  c e r t a i n  s p e c i a l  c a s e s ,  while  some of the  more mathe- 
m a t i c a l l y  r i g o r o u s  s o l u t i o n s  a re  q u i t e  cumbersome t o  apply.  
One of t h e  f i r s t  i n v e s t i g a t o r s  i n  t h e  United S t a t e s  t o  g ive  much 
a t t e n t i o n  t o  t h e  problem was Younger i n  1930 [ 30 1. H e  p re sen ted  formu- 
l a s  f o r  t h e  e f f i c i e n c y  of a box beam w i t h  w a l l s  of uniform t h i c k n e s s ,  
which may be considered a s  t he  l i m i t i n g  c a s e  of a l a r g e  number of ve ry  
small  s t r i n g e r s .  H i s  a n a l y s i s  i s  l i m i t e d  by t h e  assumption of a con- 
s t a n t  c r o s s  s e c t i o n .  
Many i n v e s t i g a t o r s  attempted t o  s o l v e  the problem by f i r s t  d e r i v i n g  
t h e  d i f f e r e n t i a l  equa t ions  of equ i l ib r ium of e i t h e r  the  s t r i n g e r s  o r  the  
sheet m a t e r i a l  and then  solving t h e  equa t ions  f o r  the stresses by one of 
s e v e r a l  methods. Winny 1 2 9 1 ,  one of t h e  e a r l y  B r i t i s h  i n v e s t i g a t o r s ,  
ob ta ined  a F o u r i e r  series s o l u t i o n  t o  the d i f f e r e n t i a l  equa t ions  of 
e q u i l i b r i u m  of t h e  s t r e s s e s  i n  the s k i n  between t h e  s p a r s  of a s t r e s s e d  
s k i n  wing. 
f o r  t h e  d i f f e r e n t i a l  equat ions.  
Kuhn 1 2 0  1 proposed a numerical i n t e g r a t i o n  type  s o l u t i o n  
so lved  t h e  d i f f e r e n t i a l  Goodey I 1 3  1 
equa t ions  of equ i l ib r ium of the s t r i n g e r  f o r c e s  u s i n g  t h e  minimum poten- 
t i a l  energy theo ry  and t h e  c a l c u l u s  of v a r i a t i o n s ,  
I n  1946 Goodey 1 1 3  1 published a comprehensive series of a r t i c l e s  
each  concerned w i t h  some aspec t  of t h e  problem of shea r  l a g ,  o r  stress 
d i f f u s i o n ,  a s  it i s  known t o  t h e  B r i t i s h .  H i s  method of approach 
r e q u i r e d  t h e  de t e rmina t ion  of a stress f u n c t i o n  f o r  t h e  p a r t i c u l a r  system 
under cons ide ra t ion .  The s t r e s s  f u n c t i o n s  he ob ta ined  l e d  t o  expres s ions  
3 
f o r  the  s t r e s s e s  which a r e  d i f f i c u l t  t o  use;  however, h i s  expres s ions  
based on t h e  minimum p o t e n t i a l  energy theo ry ,  mentioned e a r l i e r ,  a r e  
v e r y  eaey t o  apply.  
B o r s a r i  and Yu [ 3 1 conducted t h e o r e t i c a l  and experimental  i n v e s t i -  
g a t i o n s  of the d i s t r i b u t i o n  of s t r a i n s  i n  a plywood s h e e t - s t r i n g e r  com- 
b i n a t i o n  used a s  t h e  chord member of a box beam a c t e d  upon by bending 
loads.  The t h e o r e t i c a l  s o l u t i o n  was obtained w i t h  t h e  h e l p  of t h e  p r in -  
c i p l e  of minimum p o t e n t i a l  energy and c e r t a i n  s i m p l i f y i n g  assumptions. 
S t r a i n  measurements were made on a b u i l t - u p  box beam by means of elec- 
t r i c a l  r e s i s t a n c e  s t r a i n  gages. A s a t i s f a c t o r y  agreement between the  
t h e o r e t i c a l  and experimental  s t r a i n s  was r e p o r t e d .  
F ine  [ l o ]  developed a s t r e s s  f u n c t i o n  f o r  t h e  spanwise stress i n  
t h e  f l a t  s u r f a c e  of a box beam under uniformly d i s t r i b u t e d  t r a n s v e r s e  
l o a d .  He  compared t h e  s t r e s s e s  obtained from t h i s  s o l u t i o n  w i t h  those 
p r e d i c t e d  by t h e  s t r i n g e r - s h e e t  s o l u t i o n .  The two s o l u t i o n s  were i n  
good agreement. 
Paul  Kuhn [ 19 1 proposed a s o l u t i o n  based upon t h e  use  of a s u b s t i -  
t u t e  s i n g l e  s t r i n g e r  i n  p l ace  of t h e  a c t u a l  s t r i n g e r s .  I t  was necessa ry  
t o  use  a success ive  approximation method for l o c a t i n g  t h e  s u b s t i t u t e  
s i n g l e  s t r i n g e r .  I n  view of t h e  approximate n a t u r e  of t h e  s o l u t i o n ,  
Kuhn considered t h e  success ive  approximations an unwarranted complication. 
For t h i s  reason he developed an empi r i ca l  one-step method t o  l o c a t e  t he  
s u b s t i t u t e  s i n g l e  s t r i n g e r  I20 1. 
l o c a t i o n  of t h e  s u b s t i t u t e  s i n g l e  s t r i n g e r ,  shear  s t r a i n  measurements 
a longs ide  t h e  f l a n g e s  of t h r e e  panels  of c o n s t a n t  s e c t i o n  and two pane l s  
of v a r i a b l e  s e c t i o n  were used. 
small  number of s t r i n g e r s  were a l s o  i n v e s t i g a t e d .  An empi r i ca l  f a c t o r  
For the empi r i ca l  de t e rmina t ion  of t h e  
Two panels  w i t h  t ape red  f l a n g e s  and a 
4 
'r : 
was chosen based upon t h e  comparison of t h e s e  tes ts  w i t h  t h e o r e t i c a l  
s t r a i n s  p r e d i c t e d  by t h e  s u b s t i t u t e  s t r i n g e r  method. 
s o l u t i o n  permit ted t h e  a n a l y s i s  of m u l t i s t r i n g e r  panels  w i t h  v e r y  l i t t l e  
computational e f f o r t .  
the  method found wide acceptance i n  i n d u s t r y .  
The r e s u l t i n g  
R e s u l t s  of  t h i s  t ype  of a n a l y s i s  were good and 
Aka0 [ 1 1  proposed a s t r e s s  a n a l y s i s  of a r i b - s t i f f e n e d  p l a t e  based 
upon t h e  use of groups of orthogonal s t a t i c a l l y  inde te rmina te  f o r c e  
f u n c t i o n s .  These e igen func t ion  groups a r e  presented a s  f i n i t e  d i f f e r -  
ence equat ions.  
S e v e r a l  i n v e s t i g a t o r s  have made experimental  s t u d i e s  of shea r  l ag .  
White and Antz 128 1 r e p o r t e d  an i n v e s t i g a t i o n  made of t h e  stress d i s t r i -  
b u t i o n  i n  t h i n  r e i n f o r c e d  panels. 
A lc l ad  aluminum s h e e t  r e i n f o r c e d  w i t h  extruded bu lb  angles .  
were compared wi th  s t r a i n s  p red ic t ed  by theo ry  based on t h e  d i f f e r e n t i a l  
e q u a t i o n s  of equ i l ib r ium of the  a x i a l  f o r c e s  i n  t h e  s t i f feners .  Agree- 
ment between experiment and theory i n d i c a t e d  t h e  method was w e l l  founded. 
Test specimens were c o n s t r u c t e d  of 
R e s u l t s  
Love t t  and Rodee 121 1 conducted a n  experimental  i n v e s t i g a t i o n  of 
two beams composed of I - s e c t i o n s  connected by a s t i f f e n e d  s h e e t  sub- 
j e c t e d  t o  a uniform bending moment. The r e s u l t  of t h e  i n v e s t i g a t i o n  was 
the de te rmina t ion  of an effective shea r  modulus f o r  t h e  s h e e t  i n  t he  
s h e e t - s t r i n g e r  combination. It was found t h a t  t h e  modulus dec reases  
r a p i d l y  under l i g h t  l oad ings  from t h e  e l a s t i c  va lue  t o  some o t h e r  va lue  
depending upon t h e  s h e e t  thickness .  The t h i c k  s h e e t  gave h ighe r  v a l u e s  
of effect ive shea r  modulus than t h e  t h i n  shee t .  
C h i a r i t o  [ S I  r epor t ed  the results of tes ts  made on two aluminum 
a l l o y  box beams w i t h  corrugated covers .  
used f o r  corner  f l a n g e s  i n  one beam while  extrudedangleswereused.fbtrfthe 
Angles formed from s h e e t  were 
t' 
. .  
5 
corner  f l a n g e s  i n  t h e  o t h e r  beam. E l e c t r i c  s t r a i n  gages were used t o  
measure s t r a i n s  i n  each beam. The experimental  results compared f avor -  
a b l y  w i t h  t h e o r e t i c a l  r e s u l t s  obtained by t h e  s u b s t i t u t e -  s i n g l e - s t r i n g e r  
theory.  
C h i a r i t o  [ 6 1 a l s o  r epor t ed  t h e  r e s u l t s  of an experimental  i n v e s t i -  
g a t i o n  of two box beams loaded t o  d e s t r u c t i o n  i n  an  e f f o r t  t o  v e r i f y  t h e  
s h e a r  l a g  t h e o r y  a t  s t r e s s e s  beyond t h e  y i e l d  p o i n t .  
made of 24s-T aluminum a l l o y  and s t e e l  bulkheads was used f o r  t h e  tests. 
The t h e o r e t i c a l  and experimental  stresses were i n  good agreement. 
An open box beam 
Pe te r son  [ 24 1 r e p o r t e d  the r e s u l t s  of tes ts  which were made on a 
beam having more camber than  i s  l i k e l y  t o  be found i n  an a c t u a l  wing i n  
o rde r  t o  determine whether t h e  s u b s t i t u t e -  s i n g l e - s t r i n g e r  t heo ry  might 
be a p p l i e d  over t h e  e n t i r e  p r a c t i c a l  range of camber. R e s u l t s  i n d i c a t e d  
t h a t  t h e  elementary t h e o r y  overest imates  t h e  maximum stress and t h e  sub- 
s t i t u t e - s i n g l e - s t r i n g e r  t h e o r y  underest imates  it. 
I n  a d d i t i o n  t o  t h e  pu re ly  t h e o r e t i c a l  and experimental  s o l u t i o n s  
a l r e a d y  mentioned, some e f f o r t  has been d i r e c t e d  towards an  analog type 
s o l u t i o n .  Newton 1 2 3  1 i n  1945 and Ross l 2 7  1 i n  1947 proposed a solu- 
t i o n  based upon the analogy between t h e  d i s t r i b u t i o n  of stresses i n  f l a t  
s t i f f e n e d  pane l s  and t h e  d i s t r i b u t i o n  of e l e c t r i c  c u r r e n t  i n  a l a d d e r  
type  r e s i s t a n c e  network. The a p p l i c a t i o n  of t h i s  method i s  l i m i t e d  be- 
cause t h e  panel  must be divided i n t o  a f i n i t e  number of bays having 
c o n s t a n t  stresses. R e s u l t s  of t h i s  method were r e p o r t e d  t o  have good 
agreement w i t h  experimental  data. 
Goland [ 12 e s t a b l i s h e d  an analogy between t h e  stress f low i n  f l a t  
s t r i n g e r - s h e e t  panels  and t h e  plane p o t e n t i a l  f l ow i n  an incompressible  
f l u i d .  The a u t h o r  d id  no t  give numerical  examples o r  experimental  veri- 






The use of a mechanical analogy was proposed by Kuhn I 1 6  1. Here, 
a g a i n ,  the  d i v i s i o n  of t h e  panel i n t o  a f i n i t e  number of bays l i m i t s  t h e  
method. 
I n  the i n v e s t i g a t i o n  of t he  bending v i b r a t i o n s  of box beams, it i s  
f i rs t  necessary t o  determine the shape of t h e  deformed beam due t o  a 
s t a t i c  loading.  I f  t h e  e f f e c t  of shea r ing  deformations a r e  ignored and 
t h e  elementary theo ry  is used t o  p r e d i c t  t h e  mode shapes,  t h e  p r e d i c t e d  
n a t u r a l  f r equenc ie s  can be g r e a t l y  i n  e r r o r  from the a c t u a l  f r equenc ie s .  
Davenport and Kruszewski 1 8  1 found t h a t  by us ing  the  s u b s t i t u t e - s i n g l e -  
s t r i n g e r  method i n  c a l c u l a t i n g  the s t a t i c  stresses and deformations of 
t h e  beam, t h e  r e s u l t i n g  c a l c u l a t e d  n a t u r a l  f r equenc ie s  and mode shapes 
were i n  much b e t t e r  agreement w i t h  experiment. 
Purpose and Scope -
The o b j e c t i v e s  of t h i s  s tudy were: (1) t o  cons ide r  s e v e r a l  of t h e  
e x i s t i n g  a n a l y t i c a l  s o l u t i o n s  t o  t h e  shea r  l a g  problem, ( 2 )  t o  apply 
these s o l u t i o n s  t o  a panel w i t h  p a r t i c u l a r  p r o p e r t i e s  and load ing  condi- 
t i o n s ,  (33 t o  s o l v e  f o r  t h e  stress d i s t r i b u t i o n  i n  t he  panel ,  and (4)  
t o  compare t h e  r e s u l t s  of the v a r i o u s  t h e o r i e s  w i t h  experimental  d a t a  
f o r  the same panel w i t h  t h e  main o b j e c t i v e  be ing  t h e  de t e rmina t ion  of 
t h e  b e s t  method of shea r  l a g  a n a l y s i s .  
The fo l lowing  t h e o r e t i c a l  s o l u t i o n s  a r e  t r e a t e d  i n  t h e  appendices: 
Appendix A - D i f f e r e n t i a l  equa t ion  s o l u t i o n .  
Appendix B - Minimm p o t e n t i a l  energy equa t ions .  
.4ppendix C - S t r e s s  f u n c t i o n  s o l u t i o n ,  
Appendix D - S u b s t i t u t e - s i n g l e - s t r i n g e r  method. 
Appendix E - Minimum energy s o l u t i o n  us ing  m a t r i x  methods. 
CHAPTER I1 
COMPARISON OF ANALYTICAL SOLUTIONS WITH EXPERIMENTAL DATA 
Experimental Data -
The experimental  d a t a  used i n  t h i s  paper was acquired a s  p a r t  of 
the performance of Nat ional  Aeronautics and Space Admin i s t r a t ion  con- 
t r a c t  No. NAS8-11155 administered by the Bureau of Engineer ing Research 
of the U n i v e r s i t y  of Alabama under the t e c h n i c a l  s u p e r v i s i o n  of the 
George C. Marshall  Space F l i g h t  Cen te r .  
t h i s  paper correspond t o  t e s t  panels  B and C of the r e s e a r c h  p r o j e c t  
r e f e r r e d  t o  above. D e t a i l s  of the experimental  procedure,  d a t a  reduc- 
t i o n ,  and c o n s t r u c t i o n  of the t e s t  panels  may be found i n  Progress  
Report  No. 4 of t h i s  c o n t r a c t ,  
Pane l s  B and C r e f e r r e d  t o  i n  
D i f f e r e n t i a l  Equat ion S o l u t i o n  
The d i f f e r e n t i a l  equations of equ i l ib r ium of the normal stresses 
i n  the s t r i n g e r s  of a s t r i n g e r - s h e e t  combination a r e  de r ived  i n  Appen- 
d i x  A of t h i s  paper,  and one method of s o l v i n g  these equa t ions  i s  pre- 
s en ted  a s  a numerical example, The s o l u t i o n s  a r e  presented a s  a l i n e a r  
combination of exponent ia l  func t ions .  R e s u l t s  of t h i s  s o l u t i o n  a r e  
compared w i t h  experimental  data i n  F i g u r e s  3 and 4 f o r  panels  B and C ,  
r e s p e c t i v e l y .  Examination of F i g u r e s  3 and 4 r e v e a l s  t h e  fo l lowing  in -  
format i o n  : 
1. The t h e o r e t i c a l  curves and the experimental  v a l u e s  f o r  the 
normal stresses i n  the s t r i n g e r s  i n d i c a t e  t h e  same type stress 
d i s t r i b u t i o n  w i t h i n  the panel. For the loaded s t r i n g e r ,  both 
methods i n d i c a t e  a s t r e s s  equa l  t o  P/A a t  the loaded end w i t h  





loaded end i n c r e a s e s .  
s t r i n g e r ,  t heo ry  and experiment b o t h  i n d i c a t e  normal stresses 
which i n c r e a s e  from z e r o  a t  the loaded end t o  a maximum stress 
then  slowly decrease a s  the d i s t a n c e  from the loaded end i n c r e a s e s .  
For the remaining two s t r i n g e r s ,  t heo ry  p r e d i c t s  stresses which 
i n c r e a s e  from z e r o  a t  the loaded end t o  some h i g h e r  va lue  t h e n  
decrease s lowly a s  the d i s t ance  from the loaded end i n c r e a s e s .  
The experimental  v a l u e s  i n c r e a s e  from z e r o  a t  the loaded end, b u t  
do no t  reach some maximum v a l u e  then  dec rease  a s  d i d  t h e  t h e o r e t -  
i c a l l y  p r e d i c t e d  s t r e s s e s .  
Agreement between theory and experiment i s  poor except  a t  the 
loaded end. The t h e o r e t i c a l l y  p r e d i c t e d  stresses f o r  s t r i n g e r s  
1, 2 ,  and 3 a r e  non-conservative. For  s t r i n g e r  4 of panel C the 
p r e d i c t e d  stresses a r e  conse rva t ive  up t o  a p o i n t  about 7 i nches  
from the loaded end then they ,  t o o ,  become non-conservative,  I n  
panel B the p r e d i c t e d  stresses i n  s t r i n g e r  4 a r e  conse rva t ive  up 
t o  a p o i n t  about 1 5  inches from the loaded end. 
Overa l l  agreement between theo ry  and experiment i s  b e t t e r  f o r  
For the s t r i n g e r  a d j a c e n t  t o  the loaded 
panel B than f o r  panel C. 
Minimum P o t e n t i a l  Energy Equat ions 
Goodey's a n a l y s i s  111 1 of the d i f f u s i o n  of end l o a d  i n t o  a panel  
hav ing  (2N-I) s t r i n g e r s  i s  presented i n  Appendix B.  H i s  f i n a l  equa t ions  
have the form of a f i n i t e  sum of terms invo lv ing  t r igonomet r i c  and expo- 
n e n t i a l  func t ions .  
i n  pane l s  B and C was made using these equa t ions .  
a r e  presented i n  F igu res  5 and 6 a long  w i t h  experimental  d a t a  f o r  compari- 
son.  
An a n a l y s i s  of the d i f f u s i o n  of a 2000 pound end l o a d  
R e s u l t s  of th is  a n a l y s i s  
Examination of F i g u r e s  5 and 6 r e v e a l  the fo l lowing  information: 
c 
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1. Both experimental  and t h e o r e t i c a l  r e s u l t s  i n d i c a t e  t h a t ,  a t  some 
d i s t a n c e  from the loaded end, the  end load  i s  uniformly d i s t r i -  
bu ted  among the s t r i n g e r s .  
Fo r  the loaded s t r i n g e r ,  the agreement between theo ry  and exper i -  
ment i s  good w i t h  the b e s t  agreement a t  the loaded end. 
B ,  the agreement between t h e o r e t i c a l l y  and exper imenta l ly  pre- 
d i c t e d  stresses i s  poor except  a t  the loaded end. Agreement 
between theo ry  and experiment f o r  the unloaded s t r i n g e r s  i n  
panel C i s  f a i r .  
2. 
For panel 
3. T h e o r e t i c a l l y  p red ic t ed  stresses a r e  conse rva t ive .  
The S u b s t i t u t e  S i n g l e  S t r i n g e r  Method -
The method f o r  ana lyz ing  rnu l t i s t r inge r  pane ls  u s ing  a s u b s t i t u t e  
s t r i n g e r  i s  presented  i n  Appendix D. R e s u l t s  of t h i s  method a p p l i e d  t o  
pane l s  B and C having a 2000 pound end load  a r e  presented  i n  F igu res  10 
and 11 w i t h  experimental  d a t a .  Due t o  the na tu re  of the s o l u t i o n ,  stresses 
i n  the unloaded s t r i n g e r s  cannot be pred ic ted ;  however, i t  can be seen 
from the curves t h a t  the s t r e s s e s  i n  the s u b s t i t u t e  s t r i n g e r  a r e  q u i t e  
c l o s e  t o  the s t r e s s e s  i n  t h e  s t r i n g e r  ad jacen t  t o  the loaded s t r i n g e r .  
Agreement between p red ic t ed  s t r e s s e s  and experimental  stresses i n  the 
loaded  s t r i n g e r  i s  a l s o  good. 
Minimum Energy So lu t ion  Using Mat r ix  Methods -
An o u t l i n e  of the a n a l y s i s  of pane ls  B and C u t i l i z i n g  ma t r ix  methods 
A d e t a i l e d  based upon the Maxwell-Mohr method i s  presented i n  Appendix E .  
a n a l y s i s  of th is  type  would be p r a c t i c a l l y  impossible  wi thout  the a i d  of 
a d i g i t a l  computer. The Univac 1107, l oca t ed  a t  the U n i v e r s i t y  of Alabama 
Research I n s t i t u t e ,  H u n t s v i l l e ,  Alabama, was used. R e s u l t s  of these 
i 
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ana lyses  a r e  presented i n  F igu res  1 2  and 1 3  w i t h  experimental  d a t a .  This  
a n g l y s i s  was performed a s  p a r t  of the Na t iona l  Aeronaut ics  and Space Ad- 
m i n i s t r a t i o n  c o n t r a c t  p rev ious ly  mentioned, not by the a u t h o r .  
Fo r  panel B y  the agreement between t h e o r y  and experiment i s  f a i r ,  
be t te r  agreement e x i s t i n g  i n  s t r i n g e r  4 t han  i n  the o t h e r s .  The t h e o r y  
i s  conse rva t ive  throughout most of the panel .  Better o v e r a l l  agreement 
between t h e o r y  and experiment e x i s t  i n  the c a s e  of panel C y  but  i n  t h i s  
case  s t r i n g e r  4 does not. e x h i b i t  as good agreement a s  i n  panel B .  Also, 
t h e o r e t i c a l  stresses i n  s t r i n g e r  4 were on the non-conservative s i d e .  
S t r e s s  Function S o l u t i o n  
A stress f u n c t i o n  f o r  a panel r e i n f o r c e d  a t  the loaded end perpendi- 
c u l a r  t o  the s t r i n g e r  i s  presented i n  Appendix C .  Although panel C does 
n o t  have a r e i n f o r c e d  end, a comparison i s  made between the a n a l y t i c a l  
s o l u t i o n  and experimental  d a t a  i n  F i g u r e  7 .  Agreement between theo ry  and 
experiment is  n o t ,  and was no t  expected t o  be,  good. The method i s  pre- 
s e n t e d  because it r e p r e s e n t s  another approach t o  the problem, al though 
f o r  a s l i g h t l y  d i f f e r e n t  conf igu ra t ion .  
The s t r i n g e r - s h e e t  t heo ry  is  a l s o  given i n  Appendix C. T h i s  repre-  
s e n t s  one of the e a s i e r  t h e o r i e s  t o  apply;  however, i t  can only be app l i ed  
t o  the loaded s t r i n g e r  a s  a quick i n v e s t i g a t i o n  of the equa t ion  w i l l  r e v e a l .  
T h i s  a n a l y s i s  was app l i ed  t o  t h e  loaded s t r i n g e r s  of pane l s  B and C and 
the r e s u l t s  p l o t t e d  i n  F i g u r e s  8 and 9 w i t h  experimental  d a t a .  I n v e s t i -  
g a t i o n  of the two curves i n d i c a t e s  good agreement between theo ry  and ex- 
per iment ,  the t h e o r e t i c a l  s o l u t i o n  be ing  s l i g h t l y  non-conservative i n  one 
r e g i o n  and s l i g h t l y  conservat ive i n  ano the r .  
CHAPTER 111 
CONCLUSI ONS 
As was s t a t e d  i n  Chapter I ,  the main o b j e c t i v e  of t h i s  s tudy  was the 
comparison of s e v e r a l  e x i s t i n g  t h e o r i e s  of s h e a r  l a g  a n a l y s i s  w i t h  expe r i -  
mental d a t a .  The conclusions r epor t ed  i n  this  chap te r  a r e  based on t h e  
comparison of the t h e o r e t i c a l l y  p r e d i c t e d  normal stresses i n  the s t r i n g e r s  
w i t h  the expe r imen ta l ly  determined normal stresses. The conc lus ions  would 
probably be d i f f e r e n t  i f  normal and s h e a r i n g  stresses i n  the sheet had 
been inc luded  i n  the ana lyses  and comparisons,  The comparisons, r e p o r t e d  
i n  Chapter 11, l e d  t o  the conclusion t h a t  the best  method of a n a l y s i s  con- 
sists of a combination of the methods s t u d i e d  r a t h e r  t h a n  any one method 
by i t s e l f .  Based on the comparisons r e p o r t e d ,  the fo l lowing  methods of 
a n a l y s i s  a r e  suggested: 
Based on Accuracy 
1. I f  it i s  only d e s i r e d  t o  p r e d i c t  the stresses i n  t h e  loaded 
s t r i n g e r ,  e i ther  the s t r i n g e r - s h e e t  t heo ry  o r  the s u b s t i t u t e -  
s i n g l e - s t r i n g e r  t heo ry  should be used. The agreement between 
t h e o r y  and experiment i s  about  the same f o r  b o t h  methods. 
2 .  I f  it i s  desired t o  predict the s t a t e  of stress i n  the loaded 
s t r i n g e r  and approximate the stresses i n  the a d j a c e n t  s t r i n g e r s ,  
the s u b s t i t u t e - s i n g l e - s t r i n g e r  method i s  p r e f e r a b l e .  
3. If it i s  d e s i r e d  t o  predict the s t r e s s e s  i n  each s t r i n g e r  of the 
pane l ,  the a n a l y s i s  based on the s o l u t i o n  of the d i f f e r e n t i a l  
equa t ions  of equ i l ib r ium of the normal stresses us ing  minimum 
p o t e n t i a l  energy c o n s i d e r a t i o n s  i s  p r e f e r a b l e .  The s t r i n g e r -  
sheet theo ry  o r  s u b s t i t u t e - s i n g l e - s t r i n g e r  t h e o r y  could be used 
a t  t h e  same time t o  p r e d i c t  the stresses i n  the loaded s t r i n g e r .  
11 
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Based on T i m e  Required t o  Perform Ana lys i s  
1. I f  it i s  d e s i r e d  t o  perform a quick a n a l y s i s ,  the s u b s t i t u t e -  
s i n g l e - s t r i n g e r  method i s  suggested.  
2 .  I f  it i s  d e s i r e d  t o  obtain a more complete p i c t u r e  of the stress 
d i s t r i b u t i o n  i n  the panel t h a n  the s u b s t i t u t e - s i n g l e - s t r i n g e r  
method a l lows ,  use of the minimum p o t e n t i a l  energy equa t ions  i s  
suggested.  
3. The o the r  methods of a n a l y s i s  d i scussed  i n  the preceeding c h a p t e r  
t a k e  much more t i m e  t o  perform than  e i ther  of the two above and 
could not  be used t o  perform a quick a n a l y s i s .  
Based on the Type of S t r u c t u r e  t o  Which the 
S o l u t i o n  is  Applicable  
1. S ince  the experimental  data  used for purposes of comparison was 
obtained from simple s t r u c t u r e s ,  i . e . ,  ones having cons t an t  s k i n  
th i ckness  and e q u a l l y  spaced s t i f f e n e r s  having the same cons t an t  
a r e a ,  a g r e a t  dea l  cannot be s a i d  about the a p p l i c a b i l i t y  of the 
v a r i o u s  methods t o  other s t r u c t u r e s .  I t  would seem probable,  
based on t h e  form of equat ions involved,  t h a t  the  m a t r i x  method 
s o l u t i o n  p resen ted  i n  Appendix E would apply t o  more configura-  
t i o n s  t h a n  would any of the o t h e r  methods. 
Recommendations 
Time d i d  n o t  permit a study of a l l  the methods of s o l u t i o n  mentioned 
i n  Chapter I .  
method t h a n  any r e p o r t e d  i n  this  paper.  
should be cont inued u s i n g  the fol lowing a n a l y t i c a l  methods o r  ana log ie s  
f o r  comparison: 
Among the methods w h i c h  have been omit ted might be a b e t t e r  
The r e s e a r c h  r e p o r t e d  h e r e i n  
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1 ~ Akao's f i n i t e  d i f f e r e n c e  e q u a t i o n s ,  
2 .  F i n e ' s  stress f u n c t i o n  s o l u t i o n ,  
3. Go1 and s hydrodynamic analogy , 
4 ,  Ross and Newton's e l e c t r i c a l  analogy,  
5 ,  Kuhn' s mechanical analog. 
The r e s e a r c h  should be f u r t h e r  cont inued t o  inc lude  the a n a l y s i s  of 
panels  having 
1. unequal ly  spaced s t i f f e n e r s ,  
2 ,  s t i f f e n e r s  w i t h  d i f f e r e n t  a r e a s ,  
3. v a r i a b l e  s k i n  t h i c k n e s s ,  
4. s t i f f e n e r s  which have a reas  va ry ing  along the l e n g t h  of the pane l ,  
5, s k i n  which v a r i e s  a l o n g  the l e n g t h  of the pane l ,  
6. combinations of the above. 
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APPENDIX A 
DIFFERENTIAL EQUATI ON S OLIMTON 
Figure  A 1  r e p r e s e n t s  one-half of a l o n g i t u d i n a l l y  s t i f f e n e d  pane l ,  
symmetric about the  c e n t e r  l ine,  subjected t o  an  a x i a l  compressive 
load on t h e  ou te r  s t r i n g e r .  From F i g u r e  Al-b, a free-body diagram of 
the ou te r  s t r i n g e r  and adjacent  sheet ,  assuming the s t r i n g e r s  c a r r y  
only normal stresses and t h e  shee t  c a r r i e s  only shea r ing  stresses, 
summing f o r c e s  i n  the v e r t i c a l  d i r e c t i o n ,  
(u1 + dol)A1 - Tltdx - olA = 0, 
o r  
dul t - - - T  = o .  
dx A1 1 
From Al-c, a free-body diagram of s t r i n g e r  2, 
Tltdx + (U + du2)A2 - u2A2 - T2tdx = 0 , 2 
o r  
- T1) = 0 . d'2 t dx - q . 2  
From A l - d ,  a f r e e - b d y  diagram of s t r i n g e r  3 ,  
T2tdx + (U + do3)A3 - u3A3 - T3tdx = 0 , 3 
o r  
I n  g e n e r a l ,  
> = o ,  dun t -- r ( Z n  - 7 dx n n-1 
A 1  
A2 
A3 




Figure AI--Longitt tdirialIy s t i f f e n e d  pariel sub jec t ed  t o  a x i a l  load. 
? / / / / / / /  
X 
E (al 
/ / / / / / / I  / / / / / I / / / /  / / / I / / / / / / / / /  / / / / / / / / / / ‘  
- a2) 
Figure A2--Section o f  s h e e t  used i n  determining s h e a r  s t r a i n .  
D i f f e r e n t i a t i n g  Equation A 4  w i t h  r e s p e c t  t o  x ,  
dx 
If we assume t a n y  = y ;  then from F igure  A2 the  shea r  s t r a i n  a t  
s t a t i o n  x i s  given by 
29 
A4 
The incrememt of shea r  s t r a i n  i s  
(a1 - a2’ 
dx . bE dy = 
The increment of shea r  s t r e s s e s  i s  
or, i n  g e n e r a l ,  
n G  dz 
dx bnE - = -  (an - an+l> . 
S u b s t i t u t i n g  Equation A9 i n t o  Equat ion A S ,  
1 (a dx 2 bnE n-1 - an) 
Assuming b = c o n s t a n t  = b ,  n 




A 7  
A 8  
A9 
A 1 0  
The v a l u e  of A i s  determined from the dimensions of the l e f t  hand n 
? 
s t r i n g e r  shown i n  F i g u r e  2.  Thus, 
30 
A = (0.556)(1.0) = 0.556. n 
T h i s  va lue  i s  used throughout a l though t h e  a c t u a l  a r e a s  of t h e  o t h e r  
s t r i n g e r s  d i f f e r  by a s m a l l  amount. The va lue  of b is 'g4venbytihe d i s -  
t a n c e  between t h e  c e n t r o i d  of t h e  l e f t  hand s t r i n g e r  and t h e  a d j a c e n t  
s t r i n g e r .  Thus, 
0.556 0 556 
2 2 
b = -+ 2.273 4- = 2.829. 
The mechanical p r o p e r t i e s  of t h e  m a t e r i a l  a r e  
6 
G = 93.9)(10 p s i ,  
S u b s t i t u t i n g  p r o p e r t i e s  of panel .C ifit6 Equat ion A10 for s t r i n g e r  
1, 2 ,  3,  and 4 y i e l d s  
2 
- = 0 . 0 4 7 1 2 ~ ~  - 0 . 0 2 3 5 6 ~ ~  2 dx 
2 
u3 - u11 - u2 = 0.O2356[2u2 - 2 
dx 
= 0 . 0 4 7 1 2 ~ ~  - 0 . 0 2 3 5 6 ~ ~  - 0.023560~ 
2 - u3 = 0.O2356[2u3 - u4 - u21 
2 dx 
= 0 . 0 4 7 1 2 ~ ~  - 0 . 0 2 3 5 6 ~ ~  - 0 . 0 2 3 5 6 ~ ~  
dLU4 - = 0 . 0 2 3 5 6 1 2 ~ ~  - o5 - u31 2 dx 
A 1  1 
A12 
A 1  3 
Since t h e  panel has 7 s t r i n g e r s  and i s  symmetric about t h e  c e n t e r  
l i n e ,  
31 




7 u4 = 0 . 0 4 7 1 2 ~ ~  - 0.047120~ . 
dx 






,04712 -.02356 0 0 
- .02 356 ,04712 -. 02 356 0 
0 -.02356 .04712 -.02356 
0 O -.04712 .04712 
d2 
dx 
where D' denotes - 2 :  
The c h a r a c t e r i s t i c  equation i s  obtained f rom the  matrix 
- 
0.04312 - -0.02356 0 0 
-0.02356 0.04712 - 1 -0.02 356 0 
0 -0.02356 0.04712 - 1 -0,02356 
0 0 -0.04712 0.04712 - 1 - 
s e t t i n g  its  determinant equal t o  zero 
1 -t: -1/2 0 0 
-1/2 1 - < -1/2 0 
= o  
0 -1/2 1 - -1/2 
0 0 -1 1 - E  
x 
0.04712 where < = 
E x p a n d h g  the de terminant 
The r o o t s  t o  Equation A16 are 




z 2  = 0.0761025 
32 
c 3  = 1.9135555 
15, = 1.3999975 
s o  t h a t  
x1 = 0.02875943 
= 0.00358594 1 2  
x 3  = 0.09016673 
x4 = 0.06596788 
The s o l u t i o n  t o  Equation A15 i s  
A1 7 
is where M i s  t h e  c o e f f i c i e n t  matrix of Equation A15. The term e -fi x 
most e a s i l y  determined from the r e l a t i o n  
- f i x  
z4 z 3  + e 
-6 Xz2 + e e = e  - f i x  A 1 8  
where the  z's are g iven  by 
where I i s  the  u n i t  matrix.  





































-0.2 37695 31 
0.2 5436184 
r 0.42631324 -0.31663507 -0.18628016 0.2 32825481 
-0.31663507 0.24003309 0.14901589 -0.18628016 
-0.18628016 0.14901589 0.05375296 -0.08380958 
I 0.46565096 -0.37256030 -0.16761910 0.240033111 
L 
A t  x * =  0,  
So t h a t  equat ion A 1 7  becomes 
1 0 0 0  
0 1 0 0  
0 0 1 0  









Also a t  x = 0,  
P ul = A x 1800 
u2 = u3 = Q4 = 0. 
Therefore, from Equation A27 
kl = 1800 
k2 = 0 
k3 = 0 
k4 = 0. 
The s o l u t i o n  of EquationA15 i s  t h u s  
0.43689435 0.31665946 -0.17716203 
0.31665946 0.25973232 -0 .I. 3806731 -0.Z6958605X 
-0.13806731 0.08257029 0.08929606 
-0.35432402 0.17859217 0.25973235 
f 1 
0.06816075 0.13602883 0.17771962 0.09618382 I 
0.13602883 0.24588038 0.32839648 0.17771962 
0.17771962 0.32839648 0.42360001 0.23221266 
-0.059882 7 1 8 ~  + e  
.192 36764 0.3554392 3 0.46442530 0.24588037J 
OC06863274 -0.13604887 0.18572910 -0.10164644 
-0.13604887 0.25436184 -0.33934175 0.18572910 -0.3002777% + e  
-0.2 5 68421 3 m + e  
0.18572910 -0.33934175 0.44009096 -0.23769531 
-0.20329288 -0.37145820 -0.47539065 0.25436184 1 
0.42631324 -0.31663507 -0.18628016 
-0.31663507 0.24003309 0.149015q9 
L 
-0,18628016 0.14901589 0,05375296 
0.46565096 ~0.37256030 -0.16761910 
or  
Q = 10.4 1 6 
35 
-0*16958605x + 0.06816075e -0.059882718~ 9435e 
1 1 8 0 0  -0.2 5 68421 3~ + 0.06863274e -0*30027775x + 0.42631324e 
-0.059882718~ u = [ 0.31665946e -0*16958605x + 0.13602883e 2 
1 1800 - 0.2 5 6842 1 3 ~  0.13604887e -0*30027775x c 0.31663507e 
-0.059882718~ u = 1 -0.17716203e -0*16958605x + 0.17771962e 3 
1 1 8 0 0  
-0.2 5 68421 3~ + 0.18572910e -0*30027775x - 0.18628016e 
-0.059882718~ u4 = [ -0.45472678e -0*16958605x + 0.19236764e 
-0*30027775x + 0.46565096e -0.25684213~ 3 1800 - 0.20329288e 
The stresses obtained from t h e  above s o l u t i o n  is p l o t t e d  i n  F i g u r e  




1 , . *  
L 
MINIMUM POTENTIAL ENERGY EQUATIONS 
Goodey [ I3 1 p resen ted  an a n a l y s i s  of t h e  d i f f u s i o n  of an end 
load i n t o  a panel w i t h  (2N-1) s t r i n g e r s .  I n  t h i s  s o l u t i o n ,  t h e  
s t r i n g e r s  a r e  t r e a t e d  as d i s c r e t e  members s e p a r a t e d  by pane l s  of s k i n  
which t r a n s m i t  on ly  s h e a r  s t r e s s e s .  
The panel considered i s  shown i n  F igu re  B1 where the n o t a t i o n  
used i s  a l s o  given. 
Following i s  an o u t l i n e  of t h e  a n a l y s i s :  
1. Consider ing elements of t he  s t r i n g e r s  and longerons,  d i f f e r -  
e n t i a l  equat ions of equ i l ib r ium of t h e  f o r c e s  were obtained.  
2 .  Equations from s t e p  1 were i n t e g r a t e d  from x t o  OD. 
3. The d i f f e r e n t i a l  equation f o r  t h e  t o t a l  s t r a i n  energy,  U ,  
f o r  h a l f  t h e  complete panel  was de r ived .  
4. Condi t ions of minimum s t r a i n  energy were t h e n  obtained by 
applying t h e  method of the c a l c u l u s  of v a r i a t i o n s  t o  t h e  in -  
t e g r a l  f o r  U ,  r e s u l t i n g  i n  N independent equa t ions .  These 
equa t ions  were then  s u b s t i t u t e d  i n t o  the r e s u l t s  of s t e p  2 
y i e l d i n g  a set  of second o r d e r  d i f f e r e n t i a l  equa t ions .  
5. A s o l u t i o n  was assumed f o r  t he  equa t ions  i n  s t e p  4. 
6 .  Throughthe  use of boundary c o n d i t i o n s ,  v a r i o u s  t r i gonomet r i c  
i d e n t i t i e s ,  and a l g e b r a i c  manipulat ions,  t h e  c o n s t a n t s  of 
i n t e g r a t i o n  were evaluated.  
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! .  
\ L - 1 21 m - T  1+4m(m-l )  s i n  'pr /) , sincpr [. + r =1 
- Fn = 1 + ( 2 N + 2 M - 1 )  
OD 
T 
r =& [ cos(2Ncpr)cos2(N-n)qr 1 e -2kx( s i n q r )  
1 
m - Z  
2 N +  c 1+4m(m-l)sin cpr 
r =1 
n = l ,  2 ,  3 ,  ..., N 




F o r  t h e  s p e c i a l  case  when m = 1 t h e  above equa t ions  reduced 
t o  
T =s 







= 1 + 2 coscprcos(2N+l)qre -2 kxs i n 'Pr -
r =1 
B 4  
B5 
Numerical Example 
Consider  panel C a s  shown i n  F i g u r e  2. I t  is assumed t h a t  t h e  
s t i f f e n e r  a r e a s  a r e  t h e  same and t h a t  b = 2.84 = c o n s t a n t ,  t = 0.1 = 
cons tan t .  T h i s  panel i s ,  according t o  Goodey's nomenclature,  a 5 
s t r i n g e r ,  2 longeron pane l ,  Thus 
2N-1 = 5 
N = 3 .  
I 
' . '  
39 
c 
Since  the  a reas  of t h e  s t i f f e n e r s  a r e  assumed t o  be  equa l ,  t h e  
r a t i o  of longeron  a rea  t o  s t r i n g e r  a r e a  i s  
so  equat ions  B 4  and B5 can be used. Remembering 
ZTC M rad ians .  - - - = -  'r 2N+1 7 
s o  t h a t  







+ cos  ~ ? ~ e  
S u b s t i t u t i n g  t h e  va lue  of 9, i n t o  Equation B6, 
-1,5634kx = 1 + 2 0.811945e -0*86836kx + 0.388939e 
-1.97489kx + 0.049461e 
( FO -00 T 
Using Eq. B 5  f o r  s t r i n g e r  1, 
B6 
B 7  
- F1 = 1 + 2 t c o s q  cos3cp e - 2 x k s i n ~  
T r r 
00 r =l 
S u b s t i t u t i n g  t h e  va lue  of cp r' 
-0.86836kx -1.5 6 34kx - 0.561796e 
OD 
T 
B 8  - OA38925e 
Using Eq. B 5  f o r  s t r i n g e r  2 
r = 3  
F2 = 1 + 2 2 & l p r c o s 5 q r e  -2 kxs i nq 
r =1 
. '  
40 
S u b s t i t u t i n g  t h e  va lue  of cp r '  
t '  
I -  
-0*86836kx - 0.138874e -1.5634kx 
) .  B9 -1.94478kx + 0.200652e' 
Likewise f o r  s t r i n g e r  3 
-1.5634kx -O 86836kx + 0.62 365e 
- 0.22268e B10 -1.94978kx 
W 
Equations B7, B 8 ,  B9, and B10 apply t o  any 7 s t r inger  panel wi th  
m = 1 and b and t cons tan t .  
panel B a s  w e l l  a s  C ,  t h e  only d i f f e r e n c e  be ing  i n  t h e  va lue  of k .  
Thus they  can be used f o r  t h e  a n a l y s i s  of 
Numerical eva lua t ion  of the above equat ions  was performed a t  i n -  
crements of x = 1 inch  from x = 0 t o  x = 24.  
l a t i o n s ,  a d i g i t a l  computer program was wr i t t en  f o r  t h e  Univac S o l i d  
S t a t e  80 which i s  on t h e  Univers i ty  of Alabama's main campus. 
machine language used was Bama-Bell I1 which i s  a f l o a t i n g  po in t  mathe- 
m a t i c a l  i n t e r p r e t a t i v e  system f o r  the USS 80. 
To exped i t e  t h e s e  calcu- 
The 
2 
The program used follows: 
2 00 I556901000 
201 I506901000 
2 02 0600000000 
203 0800000005 
2 04 I201100109 
205 6400400000 
2 06 34001 09 300 
2Gray, William J.: Bama-Bell 11, F l o a t i n g  P o i n t  Mathematical 
I n t e r n r e t a t i v e  System f o r  USS 80 System, 
Center.  
Un ive r s i ty  of Alabama Computer 
41 I 


















2 24  
225 
226 
z z z  
31 03300301 
R601301301 






31 08 303 30 3 











200 Note: t h e  z ' s  mus t  be a double punch n ine  over 
e i g h t ,  
Wri t ing  t h e  equat ions t o  be  eva lua ted  i n  t h e  g e n e r a l  form 
-1*5634kx + C3e 
-0.86836kx + C2e 
00 
T 
t h e  fol lowing shows t h e  necessary d a t a  l o c a t i o n s  f o r  use of t h e  above 
g iven  program: 
03 
100 T ( i n  f l o a t i n g  p o i n t )  
101 5010000000 
102 5 02 0000000 
103 4986836008 (nega t ive )  
104 5015634008 (nega t ive )  
105 5019497808 (nega t ive )  
106 c1 ( i n  f l o a t i n g  p o i n t )  
107 c2 ( i n  f l o a t i n g  p o i n t )  
108 c 3  ( i n  f l o a t i n g  po in t )  
109 k ( i n  f l o a t i n g  po in t )  
The pri .nt '  o u t ,  i n  f l o a t i n g  p o i n t ,  i s  of the form: 
5124000000 f (24)  
For panel C having a 1000 l o a d  on each longeron,  
= 509.86 - 2000 - Tm 2(0.5557)+2(0.5632)+2(0.5'618)+0.5612 
. .  
= 0.15355, k =[ ( 3.9 1 ( I O6 1 ( 0.1) 
(I 0.5)( 106)(2 .84) (0.555 1 
Equat ions B7, B 8 ,  B9 and B10 a r e  shown p l o t t e d  i n  F i g u r e  6 a long  
w i t h  experimental  d a t a  f o r  comparison. 
APPETYDIX C 
STRESS mMCTI ON SOLUTION 
Goodey [ 13 1 presented a stress f u n c t i o n  type s o l u t i o n  f o r  the 
a n a l y s i s  of a plane s h e e t  r e i n f o r c e d  i n  two d i r e c t i o n s  a t  r i g h t  a n g l e s ,  
This  a n a l y s i s  was a s  follows: 
R e f e r r i n g  t o  F igu re  C1, the fo l lowing  equa t ions  were obtained f o r  
t he  s t i f f e n e r s .  
1 
E X  = E (0, - VUy> 
" 
Def in ing  the  average normal s t r e s s  a s  
'sheet + ' s t i f f e n e r  
Asheet + A s t i f f e n e r  ' 
t h e  average stress i n  d i r e c t i o n  Ox is 
tux + tx'ux - puy> - 
t + t x  - ' x  
and the average stress i n  d i r e c t i o n  0 is  
Y 
t u  + t y ( u  - pox) 
= P  . Y Y 
t + t y  Y 
D e f i n i n g  
t x  k x = l + -  t '  tkx = t + tx  
and 
t 
k =l+Y t k  = t + t y .  












Area of s t i f f e n e r s  - t per u n i t  width 




+ dx - aoX ax 
ELEMENT OF SHEET +------- 
Area of s t i f f e n e r s  = t per 
u n i t  width of sheet,. Y 
L 
Sec t ion  o f  shee t  and s t i f feners  
normal t o  OY 
Figurs C1--Diagram of p l a i n  s h e e t  r e i n f o r c e d  i n  two d i r e c t i o n s  a t  
r i g h t  angles. 
Y 
I ,Tangent a t  P 
Figure C2T-View of c ros s - sec t ion  looking along OZ i n  p o s i t i v e  
d i r e c t i o n  o f  Z. 
I -  
- 
I 
4 5  
S u b s t i t u t i n g  Equat ions C 6  and C 7  i n t o  Equat ions C 4  and C5, y i e l d s ,  I 
a f t e r  some manipula t ion ,  I 
~ 
1 
C8 Px - ux - puy(l  - 
X 
1 P = u - pux(l - 
Y Y Y  
D i s t r i b u t i n g  the a rea  of the s t i f f e n e r s  i n  the x d i r e c t i o n  uni- 
formly over the sheet r e s u l t s  i n  the free-body diagrams of F igure  C2 
( t + t dy 
Figure  C2 - Free-body showing f o r c e s  i n  x d i r e c t i o n  
a c t i n g  on element of sheet and s t r i r -ge r  
Summation of f o r c e s  i n  the x d i r e c t i o n  y i e l d s  
S u b s t i t u t i n g  Equat ion C 4  i n t o  Equation C 1 0  f o r  u resu l t s  i n  X ave 




c 1 2  
46 
so  t h a t  
az 
t~ x y + Y  a x  tPxkx ) = O  
o r  
C13 
S i m i l a r l y ,  t he  a r e a  of the s t i f f e n e r s  i n  the y d i r e c t i o n  may be 
d i s t r i b u t e d  and f o r c e s  summed i n  t he  y d i r e c t i o n .  
t i o n  r e s u l t s  
The fol lowing equa- 
C14 
Equat ions C13 and C14 a re  s a t i s f i e d  i f  we expres s  the  stresses i n  
terms of a stress f u n c t i o n  @, where 
t i o n  
Now, 
a 2@ 
XY = - -  
C15 
C 1 6  
C17 
S u b s t i t u t i n g  Equation C8 i n t o  Equation C 1 ,  Equat ion C9 i n t o  Equa- 
C2, and r e w r i t i n g  Equation C3 y i e l d s  
EcX = Px - P -k 
Y k X  
EE = Py - Px 
Y Y 
EE = 2(1 + p ) ~ ~  . 
XY 
us ing  the r e l a t i o n s ,  
C 1 8  
c2 0 
4 7  
P x - - -  - 1 a2* 
kx ay2 
1 a2+ 
Y ky ax2 
p = - -  
a 2+ 
Txy = - 
and s u b s t i t u t i n g  i n t o  Equations C 1 8 ,  C19, and C 2 0 ,  
D i f f e r e n t i a t i n g  Equation C21 twice w i t h  r e s p e c t ' t o  y ,  
D i f f e r e n t i a t i n g  Equation C22 twice with r e s p e c t  t o  x, 
c 2  1 
c 2 2  
C2 3 
C 2 4  
C2 5 
Adding Equations C 2 4  and C25 then s u b s t i t u t i n g  Equation C 2 3  y i e l d s  
C2 6 -- u_ 
4 
I f  kx = k 
f o r  a plane un-reinforced sheet .  
= 1 ,  t h i s  equation reduces t o  the  fami l iar  equat ionv ip = 0 
Y 
Assume a s o l u t i o n  of Equatian C26 of t h e  form 
+ = (Acosha ~y + Bcosha ~ y )  s i n p  1 2 
where a and a s a t i s f y  t he  equat ion 1 2 
k k  
X Y  
4 
Cl a + - = o ,  
C2 7 
C 2 8  
or 
2 2 
- = 1 + p ( 1 -  -) 1 a2 1 
U - 
k k  
X Y  X Y  X 
k ' k  
X 
and A and B a r e  cons t an t s .  
The stresses a r e  now given by the equa t ions  
9 
a% 
-Txy = axay + Ba2sinha2hy , 1 
c o s h a  Xy + Bu2 2 
1 
a %  ;. 2 
a Y  
kxPx = -2 
a k P = - = -1 AcoshalXy + Y Y  a x  2 
C 30 
c 3 1  
C 3 2  
I n  order  t o  s a t i s f y  t h e  condi t ion P = C when y = f a ,  it i s  neces- 
Y 
s a r y  t h a t  
AcoshalXa + Bcosha2Xa = 0 
or 
B 
c o s h a  Xa = k(X) . - -  A c o s h a  Xa 1 2 
S u b s t i t u t i o n  i n t o  Equations C27, C30,  C31, anL C32 y i e l d s  
c 3 3  
@ = k(X) ( cosha2Xa) (cosha>y)  - ( c o s h a l h ) ( c o s h a > y )  sin'hx, C34. c 3 
s i n h  a l l y ) -  (a2cosh 
49 
cosha2Xa)(coshulXy) - (a2’cosha1Xa)(cosha Xy) sinXx, 
kxPx 2 3 
C 36 
k P = - 2k(X> - (coshalXa)(coshu2Xy) s i d x  . 
c 37 Y Y  3 
The end load  i n  t h e  s k i n  from y = 0 t o  y = a i s  g iven  by 
a 6 Pxkx t d y = X t k( X ) c os ha 2X a ) ( s i nha ,X a 1 - ( a  c os ha ,X a ( s inha 2X a s i nX x , 1 
c 38 
and the end load  i n  one f l ange  is given  by 
I f  2To i s  the  t o t a l  end load,  i n t e g r a t i o n  w i t h  r e spec t  t o  X from 
0 t o  00 y i e l d s  
co 
2To 3.l ;6 Xtk(X) [(alcoshu2Xa)( sinhalXa) - (a2coshulXa)(sinhu2Xa) 
1 + -  kxt (ul - ~~~)(cosha~Xa)(coshu~Xa) sinXxdX . C 4 0  *F 2 
If  To i s  cons t an t ,  it may be r ep resen ted  by the  i n t e g r a l  
C 4 1  
S ince  the two i n t e g r a l s  must  be the same, 
1 k(X) = - alXa( cosha2Xa) (sinhulXa) - u2Xa( coshulXa)( sinha2Xa) 
”,.,” [ + mX 2 2  a (al 2 - a22)(coshulXa)(coshu2Xa) Ic4* 
Ai where m = -, Therefore  
akxt 
50 
(cosha2ha)(coshalXy) - (coshulXa)(cosha2Xy) sinXxdX 
- a2Xa(coshulXa)(sinha2Xa) 
c43 
I - t + mh2a2(ul2 - a 2 2)(coshalXa)(cosha2Xa) 
L e t t i n g  8 = Xa, Equation C43 may be s i m p l i f i e d  i n  appearance becoming 
a e  
2Toa 1 0 s ”  cos*] 
coshu10 cosha 8 
1 
% * -  
2 Y  
71t 
c44 
s i n e  de a 
a 1 tanhale - a2tanha2B + m(a12 - a22)e 
Eva lua t ion  of t h i s  i n t e g r a l  was  accomplished us ing  the theo ry  of res i -  
dues.  The r e s u l t  obtained was 
- 2\’ 
k a L ( l + m )  /1 enL alLsecLa I n  0 -a 2 “secLa2Bn-m 
where the c o e f f i c i e n t s  0; are r o o t s  of the equa t ion  
C46 2 a 1 tanale  - a 2 tana2e + m(al  - a22)e = o . 
The stresses a r e  now obtained from Equation C45 by d i f f e r e n t i a t i o n .  
L e t t i n g  To = poakxt(l+m) where po i s  the uniform stress a t  x = 00, the 
stresses a r e  
L secLa e -01 L sec a e +m(alL-a2L) 




C 4 8  
c49 
Numerical Example 
Applying t h e  a n a l y s i s  t o  panel C shown i n  F i g u r e  2 w i t h  a 1000 
compressive load  a c t i n g  on each of the o u t e r  f l a n g e s ,  for the g iven  d i -  
mensions,  
- 2000 - 
’0 2( 0.5557)+2( 0.5632)+2( 0.5618)+0.5612+2( 0.099)(2.84)+( 0.1014)( 2 ,846)  
+(0.99)(2.845) 
= 355.4 l b .  
- 2 ( 0.555 7) +2 ( 0.5 6 32 1 +2( 0.5618) +O .5 612 = o. 701 tx - 2(2.84+2.84+2.845) 
0*19791 = 2.9701 , t X  kx = 1 + - = 1 + 
t 0.1 
k = l .  
Y 
52 
. dF +$( l  - 0.3366) - 0.3366 1’ 1 . 1 .  U - = I + $1 - 0,3366) kx 
= 2.2956. 
a 1 =,,/2.2956(2.9701) = 2.611 
2-  0.3366 = 0.1466. 
L - a2 = 1 + $1-0.3366) 1 
kX 
a2 = J- = 0.6599. 
6 a r e  g iven  by the r o o t s  t o  t h e  equa t ion  n 
2.611tan2.6110 - 0.6599tan0.65998 + m(6.81816 - 0.4354.2)F) = 0 ,  
where 
= 0.2268, AF m = T i z  
X 
C50 
A d i g i t a l  computer program w r i t t e n  i n  Bama B e l l  f o r  the Univac So- 
l i d  S t a t e  80 computer a t  the University of Alabama was used t o  determine 
the r o o t s  t o  t h i s  equa t ion .  
I t  should be noted t h a t  the d i s c o n t i n u i t i e s  e x i s t i n g  i n  Equat ion 
C50 can be avoided by r e w r i t i n g  i t  a s  
2.611Sih2.611~cosO.65996 - 0.6599sin0.65998cos2.6118 
+ 1.44656cos2.6116COSo.65998 = 0. C51 
The computer program used i n  so lv ing  f o r  the r o o t s  t o  Equat ion C51 i s  a s  
f 011 ows: 
193  I556901000 
1 9 4  I506901000 


























































































31 065 01 5 01 
31 01 501 503 
3102 5 01 503 
R602 502 504 




























z z z  






I241  50951 0 
R4002 18000 
193 
If we write Equat ion C51 i n  the genera l  form 
C1cosC28sinC18 
t h e  da t a  used i n  the 
1 ows : 
100 4850000000 
- C2cosC16sinC28 + c30c~sCl~cosC28 = 0, C52 
computer program and their l o c a t i o n s  a r e  a s  f o l -  
( i n  f l o a t i n g  po in t )  
( i n  f l o a t i n g  po in t )  







104 501 0000000 
105 0000000000 
106 4950000000 
The p r i n t  ou t  format is a s  follows: 
0 f ( e )  . 
The magnitude of f ( 0 )  i s  an ind ica t ion  of the accuracy of the computa- 
t i o n ;  the nearer  i t  i s  t o  zero,  t h e  more accura te  is the r o o t .  
The above program does not have a s t o p  order  and w i l l  run  u n t i l  the 
d e s i r e d  number of r o o t s  have been found. I n  t h i s  example, t h e  computa- 
t i o n  was stopped a f t e r  t h e  f i r s t  12 r o o t s  were found. They were as fol- 



























The above r o o t s  t o  the transcendental equation were used i n  Equa- 
t i o n  C48 f o r  the  evaluat ion of the s t r i n g e r  stresses i n  the x d i r e c t i o n .  
Evaluation of Equation C48 was carr ied  out from x = 0 t o  x = 24 a t  incre-  
ments of x = 1.  
these c a l c u l a t i o n s .  I t  was a s  fo l lows:  
2 04 I556901000 
2 05 I506901000 
2 06 0600000000 




2111 31 12400401 
212 R603401401 
213 31 04401402 
A d i g i t a l  computer program was a l s o  w r i t t e n  t o  perform 
57 



































R 6 0 3405405 
3107405406 
3112108407 














































z z z  
R400800000 































Equation C 4 8  i s  shown p l o t t e d  i n  F igu re  7 a long  w i t h  experimental  
d a t a  f o r  comparison. 
S t r i n g e r  S h e e t  S o l u t i o n  -
Consider Fig.  C 3  which shows a r e i n f o r c e d  c y l i n d r i c a l  shel l .  
Take axes Ox, 0 
of the c y l i n d e r  and 0 any convenient po in t  of i t s  c r o s s  s e c t i o n .  
Oz a s  shown i n  F ig .  C3, Oz be ing  p a r a l l e l  t o  the a x i s  
Y’ 
L e t  w = displacement i n  d i r e c t i o n  Oz 
s = d i s t a n c e  a long  the circumference,  measured from some 
f i x e d  p o i n t  on the circumference. 
u ,v  = displacements of the p o i n t  0 p a r a l l e l  t o  Ox and 0 
Y 
r e s p e c t i v e l y  . 
= a n g l e  of r o t a t i o n  of the cross s e c t i o n  about 0. 
R e f e r i n g  t o  P i g .  C3 the displacement of the p o i n t  P p a r a l l e l  t o  
the t angen t  a t  P i s  
The shea r  s t r a i n  i s  
E -  aw a h + ucos+ + v e i n +  s z - = + E i  B 
dx dy + u - + v -  =as+= Ph d s  ds a w  a 
Also,  t h e  l o n g i t u d i n a l  s t r a i n  
c53 
c 54 




def ined  i n  the f i r s t  p a r t  of t h i s  appendix. Summing f o r c e s  on an e l e -  
ment of the shel l  i n  d i r e c t i o n  Oz, 
a pz az + k Z  az = 
where 
+ L z kZ = 1  + -  t '  
S u b s t i t u t i n g  Eq. C54 and C55 i n t o  Eq. C56, 
where 





For a f l a t  pane l ,  the r i g h t  hand s i d e  of Eq. C58 i s  ze ro  s i n c e  the 
s u b s t i t u t i o n s  
s = x  
y = o  
h = O  
can be made. 
Assuming the fundamental s o l u t i o n  
w = A[ (coshXks)(cosXz) - 11, 
the normal stress i s  
a w  = - EAXcoshXks(sin1z) . pz 




Also ,  the s t r a i n  i n  the f l a n g e  i s  equal  t o  the s t r a i n  i n  the s k i n  
61 
a t  z = a .  Therefore  the end load i n  one f l a n g e  i s  
-A#AXcosMka( sinXz) = - makztEAXcoshXka( sinXz) C63 
where A = makzt. C64 F 
I n t e g r a t i n g  from 0 t o  00 w i t h  r e s p e c t  t o  t o  o b t a i n  the complete 
s o l u t i o n ,  
co 
- - kztE A( sinhXka + mXkacosh1ka)sinXadX. 
0 
T O  k 
P u t t i n g  Xka = 8 ,  the equat ion becomes 
C65 
kztE a, 
k a  
T = -.2 $, A ( @ )  (sinid3 + 
0 
I f  ''0% i s  c o n s t a n t ,  it may b e  expressed by the i n t e g r a l  
T = -  "elm s i n  8 z  -- d e
0 n o  ka 0 * 
C66 
C6 7 
Equation C66 and C67 a r e  i d e n t i c a l ,  and t h e r e f o r e  t r u e  f o r  a l l  v a l u e s  
of z i f  
2 2Tok a 
A(e)  = k t E  ( s inhe '  + mecoshe) 
Z 
Hence the r e q u i r e d  s o l u t i o n ,  u s i n g  Eq. C53 i s  given by 
C68 
When eva lua ted  u s i n g  complex i n t e g r a t i o n ,  the f ,nal  r e s u l t  
C69 
1 ens - 9nZ. cosen 1 - COS- e -Ka a T k  2 e (1 + mcos 0,) n 
62 
where the e n ' s  a r e  t h e  r o o t s  t o  the equation 
tanen + m e n  = 0. 
Now t h e  normal stress i s  
Pz = Po C70 
The above Eq. has been wr i t t en  a s  a f u n c t i o n  of x t o  agree  w i t h  the 
o ther  s o l u t i o n s  i n  t h i s  paper. 
Numerical Example 
Applying the s t r inger -shee t  a n a l y s i s  t o  panel B shown i n  F igure  1 
w i t h  a 1000 compressive l o a d  a c t i n g  on each of the outer  f l a n g e s ,  f o r  
t h e  given dimensions 
- 2000 - 






kx = kZ = 1 + - tx = 2.2598. t 
AF = 0.282. 
a = 8.69. 
k2 = 2(1  + p]kz 
= 0.12598. 
1 = 2 ( 1  + 3)(2.2598) = 6.026133 
k = 2.455 
63 
I . 
= 0.1436. AF 0.282 m = -  = a k z t  0.69( 2.2598) (0.17 
8, a r e  t h e  r o o t s  t o  
or, r e w r i t i n g  
si&, + 0 . 1 4 3 6 ~ n c o ~ 0 n  = 0. C 7 1  
The computer program used i n  t h e  de t e rmina t ion  of t h e  r o o t s  t o  Eq. 
C51, w i t h  some changes, was used i n  the de te rmina t ion  of t h e  r o o t s  t o  
the above t r anscenden ta l  equation. I n s t r u c t i o n  c a r d s  200 through 214 
and 602 through 616 were replaced by the fo l lowing  cards:  
200 R 602400401 
2 01 R60 3400402 
2 02 3161400403 
203 3402 40 3402 
2 04 1401402410 
205 R602 5 01 5 02 
602 R602 5 01 5 02 
603 R603501503 
6 04 3101 501 504 
605 3504503503 
606 15  022 505 10 
607 R400617000 
I f  we write Equat ion C71 i n  the gene ra l  form 
s i n 8  + c 8 cosen = 0, C72  n I n  








3 06 4950000000 
( i n  f l o a t i n g  po in t )  c1 

























The above r o o t s  t o  the t r anscenden ta l  equa t ion  were used i n  Equa- 
t i o n  C70 f o r  the e v a l u a t i o n  of the s t r i n g e r  stresses i n  the x d i r e c t i o n .  
Eva lua t ion  of Equat ion C70 was c a r r i e d  out  from x = 0 to x = 24 a t  i nc re -  
ments of x = 1. A d i g i t a l  computer program was w r i t t e n  t o  perform these 
c a l c u l a t i o n s .  I t  was a s  follows: 
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Equation C70 i s  shown p l o t t e d  i n  Figure 8 along w i t h  experi-  
mental data f o r  comparison. 
APPENDIX D 
THE SUBSTITUTE SINGLE STRINGER METHOD 
I n  t h i s  appendix, the  substitute-single-stringer method presented 
by Kuhn and C h i a r i t o  i n  Reference 19  w i l l  be  a p p l i e d  t o  panel  C .  
The a n a l y s i s  of a m u l t i s t r i n g e r  panel by the s u b s t i t u t e  s i n g l e  
s t r i n g e r  method r e q u i r e s  t he  following s t e p s :  
1. The p r o p e r t i e s  of the  s u b s t i t u t e  panel a r e  e s t a b l i s h e d  a s  fol lows:  
A. The s u b s t i t u t e  s i n g l e  s t r i n g e r  i s  f irst  l o c a t e d  a t  the c e n t r o i d  
of the i n t e r n a l  fo rces  i n  the s t r i n g e r s .  Although t h e  sheet i s  
assumed t o  c a r r y  only shear  stresses, an e f f e c t i v e  - w i d t h .  of 
s h e e t  is considered t o  be a c t i n g  with the sheet. The d i s t a n c e  
from the outer  f l a n g e  t o  the c e n t r o i d  of the s t r i n g e r  a r e a s  
B.  The a r e a  of t h e  f lange i n  the s u b s t i t u t e  panel i s  equa l  t o  t he  
a r e a  of the  f l a n g e  i n  t he  a c t u a l  panel.  
t u t e  s t r i n g e r  i s  equal t o  the sum of t he  a r e a s  of t h e  s t r i n g e r s  
i n  the  a c t u a l  panel plus  t he  e f f e c t i v e  a r e a  of s h e e t  a c t i n g  
w i t h  them. 
The s u b s t i t u t e  s t r i n g e r  i s  then  l o c a t e d  according t o  t he  em- 
p i r i c a l  r e l a t i o n  
The a r e a  of t he  substi-  
C. 
where n i s  the number of s t r i n g e r s  i n  the  half  panel .  
2 .  The s u b s t i t u t e  panel i s  analyzed a s  fol lows:  






L L  
Figure D1--Three stringer panel Kith symmetrical a x i a l  load. 
, 
69 . 4 '  
V 
%duF = Ttdx  . 
A I  so, 
so 
From F ig .  D1-e, the shea r  s t r a i n  a t  s t a t i o n  x i s  given by 
X 
Y = =(aF - UL> . 
The increment of shea r  s t r a i n  is 
The increment of shear stress is 
- UL)dx . G bE F = Gdy = -(u 
D i f f e r e n t i a t i n g  Eq. D2, 
S u b s t i t u t i n g  Eq. D 1  i n t o  Eq. D3, 
o r  
2 2 d z  
2 dx 









Assuming a s o l u t i o n  t o  Eq. D4 of t h e  form 
-kx z = Clekx + C 2 e  
a p p l i c a t i o n  of t h e  boundary condi t ion z = 0 a t  x = 0 y i e l d s  
o = Cleo  + C 2 e  -0 . 
:. c1 - -c2 1 
S O  
kx -kx) z = C l ( e  - e 
D i f f e r e n t i a t i n g  Eq. D7 
dt 5 Clk(ekx + e-kx) . 
dx 
Equat ing equa t ions  D2 and D 8 ,  
App l i ca t ion  of t h e  boundary condi t ion uF = P/AF, uL = 0 a t  x = L 
y i e l d s  
S u b s t i t u t i n g  Eq. D l O  i n t o  Eq. D7, 
GP s i n h k x  z = -  
bEAFk coshkL 
Defining 
AT = A + AL F 
and s u b s t i t u i n g  i n t o  Eq. D5, 






D 1 1  
D13 
4 4 '  
Now, from Eq. D11, 
GPk s i n h k x  - s i n h  kx 
- 3 coshkL - 7, coshkL ' z -  
bEAF bEA#L 
. 
'*L s i n h  kx 
tAT coshkL 
z = -  
S u b s t i t u t i n g  Eq. D14 i n t o  Eq. D1 
dx . t pkAL s i n h k x  daF AF A#T coshkL = ~ d x  = -
I n t e g r a t i n g  , 
+ c3 . - coshkx  coshkL OF - - 
Since a = P/AF a t  x = L , F 
+ c 3 .  P 
AF A#T 






Now - --i 
AL coshkx  P +-..I + -  '*L, coshkx 
a =  F qT coshkL AT 1 c o @ h k L ] q *  
Also from Eq. D1 
Pk s i n h  kx - _ -  z d x = - -  
AT coshkL dx . d'L 5 
I n t e g r a t i n g  , 
P coshkx  
L AT coshkL Q = - -  + c4 . 









Equat ions D 1 4 ,  D 1 8 ,  and D21 determine t h e  stress d i s t r i b u t i o n  i n  
t h e  s u b s t i t u t e  s t r i n g e r .  Taking t h e  o r i g i n  a t  t h e  t i p ,  t h e  change i n  
coord ina te s  can be expressed a s  
1 '  x = L - x  
Now t h e  approximation 
sinhk(L-xl) 
t 
s i n h  kx 
coshkL * coshkL 
D22 
1 s inh  kL cosh kxl cosh kL s i n h  kx - - 
cosh kL cash kL 
D2 3 = t anhkL  coshkx  = -(e 1 kx1 +e -kxl-ekxl+e-kXl) = e -kx, 1 2  
may be made, since t a n h k L - b l  f o r  l a r g e  values  of kL. 
Dropping t h e  s u b s c r i p t  on t h e  x and cons ide r ing  t h e  t i p  a s  t h e  
o r i g i n ,  Equations D 1 4 ,  D 1 8 ,  and D 2 1  may now be w r i t t e n  
pkAL -kx 








For panel C ,  t h e  l o c a t i o n  of t h e  c e n t r o i d  of t h e  i n t e r n a l  f o r c e s  
i s  ( u s i n g  an e f f e c t i v e  width equal t o  one ha l f  t h e  d i s t a n c e  between 
s t r i n g e r s )  
- 1 [ (2.5575+4.265+7.11) (2.275) ( 0.1) bc 3( 2.5575 ) +3( 0.565) +O. 280 
+2.84( 0.564)( 1) +5.69(1)+8.1075( 0 2 8 0 )  (1 1 , 
c 
73 
bc = 3,740. 
The a r e a s  of t h e  s u b s t i t u t e  s t r i n g e r  and t h e  f l a n g e  a r e  
2 AL = 0.7917 + 0.7908 + 0.3938 = 1.9763 i n  . 
AF = 0.565 i n  . 2 
The l o c a t i o n  o f  t h e  s u b s t i t u t e  s t r i n g e r  i s  
2 = (0.65 + 0.35/2 l(3.740) = 2.75825 i n .  
bS 
Now s u b s t i t u t i n g  t h e  above i n t o  t h e  a p p r o p r i a t e  formulas 
k =ALLYE! [ 0.565 + 1.9763 ] = 0.17503 . 
QU. !9( 10 2,75825) 
2 AT = Ap + AL = 0.565 + 1.9763 = 2.5413 i n  . 
pkAL -kx - 1000(0.17503)(1.9763> .-0.17503x = = T e  0.1(2.5413) 
-0.17 5 0 3 ~  = 1,361.15e . 
= p [l + 2 .-.XI = 1000 [1 + 1.9763 .-0.17503x 1 2.5413 0.565 F %  
-0.175 0 3~ = 393.5 + 1,376.4e 
1 [I - e-kX] = 2.5413 1000 (1 - e -0.17 5 0 3 ~  “L = 5 
-0.17 5 0 3 ~  
= 393.5(1 - e 1. 
The above equat ions a r e  shown p l o t t e d  i n  F igure  11 w i t h  experimen- 




' 1  APPENDIX E 
MINIMUM ENERGY SOLUTION USING MATRIX METHODS 
Dividing panel C i n t o  bays with gene ra l i zed  f o r c e s  a s  shown i n  
F igure  E l ,  r e s u l t s  i n  a s t a t i c a l l y  inde te rmina te  system which may be 
so lved  by m a t r i x  methods. The type of stress d i s t r i b u t i o n  assumed a s  
w e l l  a s  t h e  number of bays used determine t h e  accuracy of t h e  method. 
For t h i s  a n a l y s i s  it was assumed t h a t  t h e  s t i f f e n e r s  t r ansmi t  on ly  
normal stresses and t h e  sheet ma te r i a l  t r ansmi t s  only shear ing  stresses. 
I t  was f u r t h e r  assumed t h a t  t h e  panel and loading  a r e  symmetrical. 
The n o t a t i o n  used i s  t h e  same as used by Bruhn [4 1. 
For t h e  a n a l y s i s  t h e  fol lowing m a t r i x  ope ra t ions  a r e  requi red :  
1. Evaluate  [arn]  = [gri][aijl[gjn] 
2 .  Evalua te  [ar9] = [gri][ a i d [  gjs] 
3. Evaluate [a -q t h e  inverse of 
4. Evalua te  [Gm] = [ars-I[ a,] 
L rs -1 
7. As a check t h e  mat r ix  
may b e  eva lua ted .  I f  a l l  ma t r ix  ope ra t ions  have been e x a c t ,  each  element 
of should be  ze ro ,  Due t o  rounding e r r o r s  some of the elements  may 
n o t  be  ze ro ,  bu t  they  should be small  compared wi th  corresponding elements 
. * ’  
75 
A Fortran I V  program was written t o  perform the above matrix opera- 
t i o n s  and the  computation for panels B and C was performed by the Univac 
1207 a t  the University of Alabama Research I n s t i t u t e  located i n  Huntsv i l l e ,  
Alabama. 
Resul ts  of these  analyses are shown compared with  experimental data 





















f r r r 
if- 
! L 


































L = 2.7" 
L r3.0" 
b ~2 .840"  
29 
30 b '2.846" 







GENERALIZED FORCE SYSTEM USED IN MATRIX 
ANALYSIS OF PANEL C. THE PANEL AND LOAOING 
ARE ASSUMED TO BE SYMMETRICAL. 
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